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Abstract 

We propose an alternative inflationary universe scenario in the context of Randall-Sundrum 
braneworld cosmology. In this new scenario the existence of extra-dimension(s) plays an essen- 
tial role. First, the brane universe is initially in the inflationary phase driven by the effective 
cosmological constant induced by small mismatch between the vacuum energy in the 5-dimensional 
bulk and the brane tension. This mismatch arises since the bulk is initially in a false vacuum. Then, 
the false vacuum decay occurs, nucleating a true vacuum bubble with negative energy inside the 
bulk. The nucleated bubble expands in the bulk and consequently hits the brane, bringing a hot 
big-bang brane universe of the Randall-Sundrum type. Here, the termination of the inflationary 
phase is due to the change of the bulk vacuum energy. The bubble kinetic energy heats up the 
universe. As a simple realization, we propose a model, in which we assume an interaction between 
the brane and the bubble. We derive the constraints on the model parameters taking into account 
the following requirements: solving the flatness problem, no force which prohibits the bubble from 
colliding with the brane, sufficiently high reheating temperature for the standard nucleosynthesis 
to work, and the recovery of Newton's law up to 1mm. We find that a fine tuning is needed in order 
to satisfy the first and the second requirements simultaneously, although, the other constraints are 
satisfled in a wide range of the model parameters. 



I. INTRODUCTION 



The braneworld scenario Q| provides an intriguing idea that our universe exists as a boundary of 
a higher dimensional bulk spacetime. Motivated by the expected progress in the measurement of the 
Newton's law at a smaller length scale, or inspired by recent progress in M-theory various kinds of 
braneworld models have so far been proposed |3|j] . 

After a simple but fascinating phenomenological model was proposed by Randall and Sundrum 
many studies were done especially aiming at developing a consistent cosmological model in the 

context of this scenario |^1C|. In the conventional 4-dimensional cosmology, the slow-roll inflation is 
the most favored solution to the so-called cosmological problems such as the homogeneity problem, the 
horizons problem, and the flatness problem. Rolling of the inflaton field provides a graceful exit of the 
inflation. As far as we know, other alternatives are not so successful as the slow-roll inflation within the 
context of 4-dimensional theor y. H ence, on one hand, it is important to examine the extension of this idea 
to the braneworld cosmology |]ll|,|l^. On the other hand, in the braneworld scenario, a new framework 
for cosmology, there may be an alternative which competes with the slow-roll inflation. In fact, there 
have recently appeared interesting attempts [ p^ to solve major cosmological problems without the use of 
inflation. Under such a current status of braneworld cosmology, it is an important direction of research 
to seek for an alternative scenario in which the existence of extra-dimension(s) plays an essential role. 

Here we focus on the following fact. In 4-dimensional models, the bubble nucleation by the first order 
phase transition is less attractive as a mechanism of terminating inflation. Because of the causality, 
the size of the nucleated bubble does not exceed the horizon scale. Therefore, many bubbles need to 
nucleate in a synchronized manner beyond the horizon scale to realize a sufficiently large and homogeneous 
universe. As a mechanism for such synchronization, an additional field which controls the transition rate is 
introduced in the extended inflation scenario p^ . However, we may be able to avoid such a complication 
in the context of the braneworld, in which the 4-dimensional causality is violated |]l5| . We pursue this 
possibility. 

We consider an inflation on a boundary brane driven by small mismatch between the bulk vacuum 
energy and the brane tension, and discuss the possibility that the nucleation of a true vacuum bubble 
becomes a trigger of the big-bang of the brane universe. The point is that the bubble nucleation we 
consider occurs inside the bulk. Not only does such a bulk bubble heat up the brane universe through 
the colliding process, but also provides an anti-de Sitter bulk of the Randall-Sundrum setup, reducing 
the effective cosmological constant on the brane to zero simultaneously. 

For a simple illustration of our idea, we assume that 5-dimensional universe has nucleated with a single 
positive tension brane at the fixed point of Z2-symmetry The mismatch between the bulk vacuum 
energy and the brane tension drives an inflation on the brane. This inflationary phase would last forever 
if there were no mechanism to terminate it. However, if the bulk is initially in a false vacuum state, the 
decay of the false vacuum via quantum tunneling results in the nucleation of a true vacuum bubble, which 
can be a mechanism to terminate the inflation on the brane. If the transition occurs with the highest 
symmetry, the nucleated bubble has the common center which respects the symmetry of the bulk-brane 
system. However, even if the transition with the highest symmetry is the most probable process, quantum 
fluctuations lead to displacement of the position of the nucleation from the center of the symmetry. In 
this case, the expanding bubble hits the inflationary brane universe. As we shall see, the intersection of 
the brane and the bubble wall is spacelike. Therefore the energy of the bubble wall is inevitably converted 
to the radiation energy on the brane unless it dissipates into the bulk. It is also important to note that 
the brane is instantaneously heated up at this spacelike intersection beyond the horizon scale of the brane 
universe. Although such a type of thermalization appears a causality violation from the viewpoint of the 
observers on the brane, it is a natural consequence of the bubble nucleation in the bulk (outside the 
brane). We call this spacelike intersection a "big-bang surface." 

In the future of this big-bang surface, the brane evolves as a radiation dominated Friedmann-Lemaitre- 
Robertson- Walker (FLRW) brane universe. The effective cosmological constant is reduced with the true 
vacuum energy chosen to be the negative value which balances the tension of the brane. Then, the 
bulk around the brane becomes anti-de Sitter spacetime. The gravity is effectively localized on the 
brane by the Randall-Sundrum mechanism. Since the true vacuum energy is lower than that in the false 
vacuum, this model allows a creation of anti-de Sitter bulk from de Sitter or Minkowski-bulk . The 
models to consider bubble nucleation in the bulk have been discussed in several different contexts of 
the braneworld |17|. In particular, a similar idea to realize the Randall-Sundrum setup by a collision of 
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bubbles was discussed in Ref. where the bubble nucleates through the Schwinger process in some 
external field. Our scenario has similarities with the one proposed by Bucher |l9[ , in the sense that 
anti-de Sitter bubbles appear as a result of a false vacuum decay and that the hot big bang universe 
is created by a collision of branes. The new feature of our scenario is that the whole universe begins 
with a compact spatial section. This might be an advantage of our new scenario because the well-known 
proposal of the creation of universe from nothing pO| provides a mechanism to explain such an initial 
state. We will discuss the relation between these two scenarios in the concluding section, too. 

As we shall see, the spatial curvature of the resultant FLRW brane universe depends on the location 
of the bubble nucleation in the bulk. The closer the center of the nucleated bubble is to the center of the 
symmetry of the bulk-brane system, the smaller the spatial curvature of the FLRW brane universe is. 
Hence, if the bubble is strongly favored to nucleate near the center of the symmetry, the above scenario 
can be an alternative to the standard slow-roll inflation. 

This paper is organized as follows. In Sec. |l[ we begin with explaining the dynamics of the system 
that consists of a single de Sitter brane at the boundary of the bulk and a single anti-de Sitter bubble 
inside the bulk. There we discuss the case that the bulk is given by a maximally symmetric 5-dimensional 
spacetime. We treat both the bubble wall and the brane as hypersurfaces. We illustrate the geometry of 
our setup by giving its embedding into a 6-dimensional flat spacetime. In particular, we explain the way 
how the bubble wall intersects the de Sitter brane. Then, we discuss the initial condition for the evolution 
of the brane after the brane-bubble collision. In Sec. Ill, we address the nucleation of a bulk bubble which 
realizes a sufficiently fiat brane universe. We discuss this issue by considering a model of a bulk scalar field, 
which has a potential localized on the boundary brane as well as that in the bulk, with the background 
bulk geometry fixed. We develop a method to treat a quantum tunneling on a space with boundary. We 
first consider the process of quantum tunneling described by an 0(5)-symmetric instanton in which the 
bubble center coincides with that of the boundary brane. Next, perturbing this instanton, we derive the 
probability distribution of the bubble nucleation as a function of the displacement of the center of the 
bubble from that of the bulk-brane system. Then, we derive the condition for solving the flatness problem. 
In Sec. [V, we discuss the constraints on the model parameters in our scenario taking into account the 
following requirements: solving the flatness of our universe, no force which prohibits the bubble from 
colliding with the brane, sufficiently high reheating temperature for the standard nucleosynthesis to work 
and recovery of Newton's law up to 1mm. We show that most of these constraints are satisfied in a 
wide range of the model parameters. However, it turns out to be difficult to satisfy the first and the 
second constraints simultaneously. Namely, if we introduce stronger interaction between the brane and 
the bubble to confine the bubble nucleation very close to the center of symmetry, it becomes harder for 
the nucleated bubble to hit the infiating brane. As a result, we find that our model requires one tuning 
to adjust the strength of interaction. Section ^ is devoted to summary and discussion. 



II. GEOMETRY OF ADS-BUBBLE AND BRANE UNIVERSE 



A. Collision of inflationary brane and AdS-bubble 



Let us consider the dynamics of a brane with positive tension as and the bubble wall E^y with 
positive tension aw in the bulk given by a 5-dimensional maximally symmetric spacetime, i.e., Minkowski, 
de Sitter or anti-de Sitter spacetime. For simplicity, we assume that the brane and the bubble wall are 
infinitesimally thin. It is known that, on these assumptions, both the brane E^ and the world volume 
T,w are described by 4-dimensional de Sitter spacetime. (See Fig. |l|) 

The relation which determines the respective curvature radii as and aw can be obtained as follows. 
Let us consider the case of the bubble wall because the result for the brane can be obtained just by 
equating the values of the vacuum energy of the bulk on both sides of the bubble. It will be sufficient 
to consider the case that the both sides are anti-de Sitter spacetime. We denote the AdS curvature radii 
on both sides hy £p and £t, respectively. The extension to the other cases is almost trivial. When the 
bulk is de Sitter spacetime with the curvature radius £deS: we replace £ in the expressions for the AdS 
case with i£deS- When the Bulk is Minkowski space, we just take the £ oo limit. The metric of anti-de 
Sitter spacetime with the curvature radius £ can be written as 

ds^ = dy^+£^smh\y/£)dajs,, (2.1) 
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where da^g^ is the metric for 4-dimensional de Sitter spacetime with unit curvature. In this coordinate 
the vacuum bubble is represented hy ay =constant hypersurface. The curvature radius of the bubble wall 
aw is related to yw, the value of y at the location of the bubble, as aw = £ sinh{yw / i) ■ The extrinsic 
curvature on the bubble is easily calculated as K^" = ±£~^ coth.{yw = ±(a~^ + £~'^y^^6^''. The 
plus (minus) sign corresponds to the case in which we choose the side with y < yw {y > yw) as the bulk. 
Then we apply Israel's junction condition 



K- 



K5 



(2.2) 



where T^*^ denotes the intrinsic energy-momentum tensor on the hypersurface and K5 = SnGs the 5- 
dimensional gravitational constant. For a vacuum bubble, the intrinsic energy-momentum tensor is given 
by Tju'' — —cTw^n'^- After a simple calculation, we obtain 



2 

aw 



(2.3) 



For the brane located at the fixed point of Z2-symmetry, we have 



(2.4) 




de Sitter brane 



FIG. 1. Conformal diagram of a de Sitter brane in Minkowski bulk (£y^ — » case), which de- 
scribes an inflationary brane universe. A portion of Minkowski spacetime bounded by a hyperboloid, 
-(X")' + {X^f + [X'f + (X-''f + {X^f = a'i, is glued along the hyperboloid onto a copy of 
itself so that Z2-symmetry is satisfied. The null surfaces 2^j„ denote portions of the null infinity 
of Minkowski spacetime. 



To understand the trajectories of the brane and the bubble wall, it will be convenient to consider 

the way how they arc embedded in the bulk on the false vacuum side. As is well-known, anti-de Sitter 
spacetime is described in higher dimensional flat spacetime E^'^ as a pseudo-sphere: 



[xy + {X'f + {xY + {xY + {x^f - (x'f 



(2.5) 



where {X^} are the Cartesian coordinates in E^'^. When we consider de Sitter bulk, the same arguments 
follow by taking and £ as pure imaginary. Intrinsic geometry of both the brane and the bubble wall 
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is de Sitter space. The embedding of 4-dimensional de Sitter spacetime into the S-dimensional anti-de 
Sitter spacetime described above is easily done when the center of symmetry of 4-dimcnsional de Sitter 
spacetime is placed at X° = = = X^ = X* = 0. We choose t he c oordinates so that the de Sitter 
brane takes this position. Then, its embedding is specified with Eq. (|2.5|) by 



- {Xy + (X^ + {Xy + (Xy + {Xy = a| , (2.6) 

or equivalently 



X = \/^F + ^fPb ■ (2.7) 

The wall trajectory E^/ can be embedded in the same way. However, the centers of symmetry of these 
two 4-dimensional de Sitter surfaces need not be identical The shift of the waU's center can be achieved 
by (Lorentz) rotation of the plane 

X'' = ^il + al, =: ipPw . (2.8) 
For this purpose, without loss of generality, we can take a following Lorentzian rotation in (X^, X^)-plane 

( ? ) = ( St'; ) ( S ) • = ■ <^-») 

and a rotation in (X^, X°)-plane 

•in = f"l! ;r„!°V?V (2.10) 



V ^"^^0 COS 00 / V ^ 

Then, the wall's trajectory is written as the intersection of the pseudo-sphere (2.5) and the plane 

X^=ip[3w. (2.11) 

Since we are concerned with the case that the displacement of the center X'^^ = (— A°,A^, 0,0,0, + 
0(A^)) of Yjw from that of the brane is very small, we assume that the boost and the rotation angles, 
9i and Oq, are so small that they are related to As as 

Ai A" 

— =sinh6'i, — ==-sin6io. (2.12) 
Hp Ip 

We neglect the terms of O(A^) in the following discussion. Then, in terms of the original coordinates 
{X'^}, the wall's trajectory can be described as a hypersurface specified by 

-(xo + Ay + {x^ - Ay + {xy + {xy + {xy - {x^ ~ ipf = -24(1 - pw) , (2.13) 

A° A^ 

— X° -t- — ^1 + « . (2.14) 

tp ip 

Note that the bulk of the present system has 0(4, 2)-symmetry, but the existence of the de Sitter brane 
partly breaks this symmetry. The system composed of the bulk and the brane without bubble walls has 
0(4, l)-symmetry. The nucleation of a bubble wall in this system further violates this 0(4, l)-symmctry 
unless both A° and A^ are zero. 

The embedding of the intersection of the brane Y,b and the bubble wall S^i/ is given by Eqs. ( |2.5D , 
{^{OT (|^), and Eqs. ( |2l^ ) and (|I|). Since the smaller in absolute value between A° and A-'^ can be 



set to zero by a coordinate transformation, the geometry of the intersection is classified into the following 
three cases. 

(i) AO = case 

In this case, the center of the bubble is spatially separated from that of the brane. The intersection 
n Evy is specified by a simple set of three equations as X^ « {Pb — Pw)^^/ ^ X^ = ^fPb and 
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(2.15) 



where a; is given by 



(Ai)^ 



(2.16) 



Clearly, this is an 3-dimensional hyperboloid H'^ with the curvature radius a^. As we have anticipated 
before, the intersection, i.e., the big-bang surface, is spacelike. Note that as seen from Fig. ||, the collision, 
hence the big-bang, happens only on a part of the brane. The remaining part of the brane continues the 
inflation. 



(ii) = case 

In this case the separation of the centers of the bubble and the brane is timelike. To have the intersection 
n E^y in the expanding side of the de Sitter brane. A'' must be positive. The intersection is specified 
by « {13b - fiwyl/A"^, X'^ - (fPb and 



{X^f + {X'y + {Xy + (X'*) 



r2\2 



3\2 



^4^2 ^ 2 

~ a,- . 



(2.17) 



This is an 3-dimensional sphere S"^ with the curvature radius a; given again by Eq. ( 2.16| ) with A^ replaced 
by A°. In this case the whole region of the de Sitter brane coUides with the bubble (See Fig. ||). 



of Open 
FLRWbrane 



Open FLRW brane 
Big-bang surface 




FIG. 2. (i) A° = 0, > case. The conformal diagram shows the brane big-bang scenario in 
the case of vanishing false vacuum energy {(.~Y^ — > 0). An AdS-bubble is nucleated and expands in 
Minkowski spacetime bounded by an inflating de Sitter brane. The two centers of the AdS-bubble 
and the de Sitter brane are in spacelike separation. The expanding AdS-bubble eventually collides 
with a portion of the de Sitter brane. The intersection, i.e., the big-bang surface, has a hyperbolic 
geometry H'' and an open FLRW brane universe with the AdS-bulk is realized after the brane 
big-bang. This geometry is glued along the boundary surfaces, except TacLS and ^Mim onto a copy 
of itself with Z2-symmetry being satisfled. The timelike surface lAdS here denotes the infinity of 
universal cover of anti-de Sitter spacetime. 
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Big-crunch of the brane 




Closed FLRW brane 



Big-bang surface 



de Sitter brane 



FIG. 3. (ii) A" > 0, A'^ = with vanishing false vacuum energy case. The two centers of the 
AdS-bubblc and the do Sitter brane are in timelike separation. The geometry of the big-bang surface 
becomes a 3-sphere S"^ and hence a closed FLRW brane universe with the AdS-bulk is realized after 
the brane big-bang. The closed FLRW brane finally collapses to a brane big crunch. 
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FIG. 4. (iii) a" = > with vanishing false vacuum energy case. The two centers of the 
AdS-bubble and the de Sitter brane are in lightlike separation. The big-bang surface becomes a flat 
space E^, and a flat FLRW brane universe with the AdS-bulk is realized after the brane big bang. 



(iii) A° = case 

In this case the two centers of the bubble and the brane are in null separation. The case with A" 
is essentially the same. The intersection Eb n T,w is specified by = ('^Pb, 



AO 



(2.18) 



and Eq. (2^). Hence, this gives a 3-dimensional flat space E^. Since flat spacelike section is not a Cauchy 
surface for de Sitter space, there is an eternally inflating region on the brane (See Fig. 0). 



B. Evolution of the brane universe after the brane big-bang 

The region of the inflationary brane which goes across the big-bang surface Es H Evi/ is naturally 
expected to continue to a FLRW brane universe with a metric 

ds^4) = ~dT^ + a^{T)daf^j^) , (2.19) 

because the big-bang surface is a 3-dimensional homogeneous and isotropic spacelike surface H^, S^, orK^ 
with the metric da^^ j^y Here K is the signature of the spatial curvature, which is determined depending 
on the type of collision. The spatial sections of the realized FLRW brane universe for the collision of type 
(i), (ii) and (iii), are open, closed and flat, respectively. 

As we have mentioned previously, the AdS-bubble nucleation with non-vanishing As violates the 
0(4, l)-symmetry that the system composed of the brane and the bulk has. In the present scenario, 
we are assuming that the dominant process of the bubble nucleation is of the highest symmetry, i.e., 
A" = A^ = 0. The symmetry breaking is supposed to occur due to quantum fluctuations in the bub- 
ble nucleation process, and therefore we have assumed that As are sufficiently small compared to the 
curvature radius of the brane. The analysis presented above has revealed that the curvature scale of 
the big-bang surface is related to the proper distance between the two centers A^ := — (A")^ + (A^)^. 
Under the assumption that aw K_f|, we consider two cases, i.e., case (a): ^ and case (b): 
\(.p^\ < a's'- The latter includes the case of the de Sitter false vacuum bulk, in which is negative. In 
the respective cases the curvature scale of the big-bang surface is estimated as 



~ TT9f ' for case (a) ; « --fy , for case (b) . (2.20) 



These relations indicate that |A^| must be sufficiently small compared to the brane radius in order to 
solve the flatness problem. 

After the big-bang, the true vacuum that appears inside the bubble provides the AdS-bulk that is a 
necessary component to realize the braneworld scenario of the Randall and Sundrum type. The evolution 
of the FLRW brane universe in the AdS-bulk is determined once the composition of the matter fields on 
the brane is specified on the big-bang surface. In the present model we simply assume that energy of the 
bubble wall is completely converted into radiation fields localized on the brane, and the tension of the 
brane does not change between before and after the collision. 

The Lorentz factor of the bubble wall seen from the observer on the brane is given by (see Appendix 

13) 

,^Wb/?w-1)_ (2.21) 

and is roughly estimated as 
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7 » — ^ , for case (a) ; ^, for case (b) (2.22) 

aw 2 aw 

Assuming complete conversion of the energy of the bubble wall, the energy density of the radiation field 
at the onset of big-bang on the brane is estimated as 

« awl ■ (2.23) 

Using this estimate of pr'^ and the relation in Eq. ( ^.20 ), we derive a constraint on the displacement 
of the center of the nucleated bubble, A. Since the spatial curvature term in the FLRW equation is 
not much larger than the contribution from the radiation energy density at the present epoch, we have 
I/oq < Kp^\ or I/oq < Kpi^\ai/ao)^- Then, these inequalities give 

1 < - lO-'^'pl^^aj . (2.24) 



Substituting Eqs. (2.20) and (2.23), we obtain 



1/4 



< lO"-'^ , for case (a) , 



aB V aw J 

— < 10"^' ( awa%—] ^ , for case (b) . (2.25) 
as \ aw J 

The displacement of the center of the nucleated bubble must satisfy this inequalities. Otherwise, we end 
up with a curvature-dominant universe, which contradicts with observations. 

The energy density on the brane after the big-bang is given by the sum of the contribution from the 
radiation field and the tension of the brane as pr + (Jb , and the bulk is given by anti-de Sitter spacetime 
with the curvature radius £t- Then, the FLRW equation on the brane becomes 

where k := k^ctb/^ denotes the effective 4-dimensional gravitational constant on the brane, and 

A4 ^'-l - |; , (2.27) 

is the effective cosmological constant on the brane. After the big-bang, the effective cosmological constant 
A4 is supposed to vanish. Therefore we need to set 

£-2 ^ (K2/36)cr|. (2.28) 

Although we need here the fine-tuning of the model parameters, it is nothing but the usual problem 
of tuning the cosmological constant. It will be interesting to notice the following point. Since the 5- 
dimensional vacuum energy is lower on the true vacuum side, we have < i^p. This inequality is 
consistent with our scenario that the effective cosmological constant on the brane was positive before the 
brane big-bang bubble. 



III. BUBBLE NUCLEATION 



In the preceding section, we found that the constraint ( 2.25 ) must be satisfied to solve the flatness 
problem. This constraint (2.25) contains the displacement of the center of the nucleated bubble from 
the center of the symmetry of the bulk-brane system, |A|, whose dependence on the model parameters is 
not obvious. We shall construct a model in which the expectation value of |A| is small and give a rough 
estimate for the expectation value of |A| to obtain the condition solely written in terms of the parameters 
of the model. 
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For this purpose, we examine the process of the false vacuum decay with nucleation of a true vacuum 
bubble on a space with boundary, which is described by an instanton, i.e., an Euclidean classical solution 
which contains a time slice corresponding to the field configuration at the instance of the nucleation . 

As proven in Ref. |^^, the bubble nucleation with the highest possible symmetry is the most favored 
tunneling process in the case of the false vacuum decay in Minkowski background without boundaries. If 
the quantum tunneling were in general dominated by the process with the highest symmetry, the bubble 
nucleation with |A| = would be the dominant process. Although this expectation is in favor of our 
attempt to construct the model, we have to be careful on the fact that in the system without boundaries, 
the nucleated bubble possesses translational invariance. As a result, the shifted bubble is as likely to 
nucleate as the unshifted, contrary to the demand of our scenario that the unshifted is to be the most 
likely. Even for the system with a boundary, we would expect the same trouble if there were no interaction 
between the tunneling field and the boundary brane. We therefore consider the otherwise. Our model 
is composed of a bulk scalar field (/) minimally coupled to gravity with its bulk potential 1^(0) having 
minima ai (f) — (pT and (p = (pp, which correspond to a true vacuum and a false vacuum, respectively, 
and the potential U{(t)) localized on the 3-brane. This potential U{4>) introduces the degree of freedom 
that controls the strength of the interaction between the tunneling field and the boundary brane. 

Since our interest is on the bubble with its center in the vicinity of the center of the bulk-brane system, 
we consider an instanton with a bubble whose center coincides with that of the bulk-brane system, and 
treat the displacement of the bubble center as quantum fluctuations around this instanton. When the 
center of the nucleating bubble coincides with the center of the symmetry of the bulk-brane system, 
the instanton has the same 0(5)-symmetry as that of the Euclideanized bulk-brane system. Hence, the 
Euclideanized geometry of the instanton may be described as 

ds^^dy^+a\v)dal^, (3.1) 

where da^g^ is the metric of unit four-sphere, and the scalar field is a function of y. The 3-branc is 
located aX y — ys, and thus a{yB) — olb stands. To simplify our discussion, we neglect the back reaction 
to the geometry due to the non-trivial scalar field configuration. To be more precise, we discuss the 
nucleation of the scalar field bubble on the fixed background with a constant curvature, whose curvature 
length £ is determined by the energy density in the true vacuum. Since we are interested in the nucleation 
of an AdS-bubble, which yields a braneworld of the Randall- Sundrum type, we consider the warp factor 
given by a{y) = tsmh[y/tj. When we discuss the cases in which the state before transition is de Sitter 
or Minkowski spacetime, the approximate treatment fixing the background geometry may not be valid. 
In such cases, we need to develop the formulation taking into account not only the back reaction to the 
geometry but also the effect of gravitational fluctuations, both of which we do not discuss in the present 
paper. 

The equation that the instanton obeys is 

p" + 4-0' = d-^V{4>) + 5{y ~ yB)d^U{$) , (3.2) 
where prime denotes a differentiation with respect to y. The condition that the instanton is regular at 



the origin requires the boundary condition <j)'{Q) = 0. Integrating Eq. (3.2) in the vicinity of the brane 
and recalling the Z2 symmetry across the brane, we see that the boundary condition on </>(y) at the brane 
is given by 

2p\yB) - ~d^U{^{yB)) ■ (3.3) 

Next, we derive the probability distribution of the bubble nucleation as a function of A, by considering 
quantum fluctuations around the instanton. The Euclidean action is expanded to the second order with 
respect to the fluctuation field Sep as 

Se^SeW\ + \ j dydna^5(pd5(l)+--- , (3.4) 



2 



with 



a :^ - 4^^ - -1a5, + dlViP) + 5{y - 2/b)5|C/(^), (3.5) 
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where As^ is the Laplacian operator on a unit four-sphere. The exponentiated action e"'^^ gives the 
probabiUty of the bubble nucleation process that the analytic continuation oi (f) + S(j) describes. Hence, if 
we choose 6(j) corresponding to the shift of the nucleated bubble, we obtain the distribution function of A. 
The change in the field configuration after an infinitesimal global translation by an amount of A = \Sx^\ 
in proper distance is given by 



(3.6) 



where xiv) ■= ~4''{y) ^-nd Y\^{^^) is the normalized eigen functions of the Laplace operator Ag^ which 
satisfies [As4 + k{k + 3)]Fk = and ^ d^lY^ ^l. The substitution of 5(t) = x{y)Yi{^^)/^ into the action 
does not suffice for our goal. This naive substitution can underestimate the amplitude of fluctuations 
of A, since x(y)^i(^^) is not in general an eigen function of the operator O satisfying the boundary 
condition at the brane, as we shall see below. 

To obtain the eigen function, we decompose the fluctuation field for fc = 1 as (50 = — i^i(j/)Yi(il^)A. 
Then the eigen value equation a^OScj) = XiScf) with the lowest eigen value Ai becomes 



-—-^-- + ^ + 9lv{4>) 



dy"^ a dy 
The boundary condition at the brane is given by 

-6<j>dlU{^iyB)) 



vi{y) = Aia Vi(y) 



2dy5(t) = 



Differentiating Eq. (3.2) with respect to y, one can verify 



dy'^ 



a dy 



x{y)^o, 



(3.7) 



(3.8) 



(3.9) 



which means xiv) satisfies the eigen equ ation (3.7) for zero eigen value in the bulk. However, x{y) does 
not satisfy the boundary condition ( |3.8| ) in general. When we consider the thin-wall limit, for which 
xiy) — near y = ys, with vanishing boundary potential, U{(/)) — 0, x(y) does satisfy the boundary 
condition. In this case, substituting Scj) = — x(y)Fi(ri^)A into Eq. (^), we find that Se does not depend 
on A. This means that the bubble nucleates with the same probability independent of the location of 
the nucleation center as in the case without the boundary brane. The result is as expected since there is 
no interaction between the tunneling field and the boundary brane in this case. 

In general, since x(y) does not satisfy the boundary condition ( |3.8| ), x{y)Yi{^^) is not the lowest k — 1 
eigen mode. Nevertheless, unless extreme cases arc concerned, we can expect that the true lowest eigen 
value is still close to 0. If it is the case, the corresponding mode ipi{y) will also be close to x{y)i least 
for y < yyy- Then, by choosing the normalization of ipi such that they satisfy limy_,o ^i/x — 1; can 
still interpret ipiYi{^^) as the mode that represents the shift of the nucleation center. 

The fact that x{y) does not give an eigen function means that the most probable field configuration for 
an off-centered transition is not a simple translation of the symmetric instanton. The field configuration 
must be deformed due to the effect of interaction between the tunneling field and the boundary brane. 
This deformation results in non- vanishing Ai. If Ai is positive, the shift of the center of the nucleating 
bubble is associated with the deformation that increases Se- As a result, the probability of the nucleation 
of the off-centered bubble is suppressed. 
Substituting i 



^Pl{y)Yl{n^')A into Eq. (|3j), we have 



P(A) cx e' 



exp 



^ ^1 r dya'ipi]A' 



(3.10) 



from which we see that the most of the bubbles nucleate with its center displaced from the center of the 
bulk-brane system less than the amount 



rVB 

Ai / dya^ipj 
Jo 



-1-1/2 



(3.11) 



for a positive value of Ai, 
to nucleate. 



while a negative value of Ai means that the off-centered bubble is more likely 
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Now, what we need to evaluate is the quantity on the ri ght hand side of this equation. For this 
purpose, first we note that ipi is the eigen function of Eq. (3.7) with the lowest eigcn value and the 
instanton solution ^(y) is monotonic. Thus, we can choose both cpi and x be non-negative without loss 
of generality. Then, we consider the Wronskian relation between tpi and x. 



a 



(3.12) 



which follows from Eqs. (3.7) and ( |3.9| ). When the potential of cf) localized on the brane U{(j)) is absent, 
we find xiys) — from Eq. (3^). This imphes x'ivs) < because x is non- negative. In this case, the 
Wronskian relation reduces to a^{jjB)^i{yB)x' {vb) — Ai J^^^ dya'^xfi- The integral on the right hand 
side is always positive while the product on the left hand side is non-positive. Thus, in this case Ai 
is non-positive. This means that the nucleation of the off-centered bubble is not suppressed but rather 
enhanced in the system with no localized potential U{<j)). 
When U{4>) is present, from Eq. (3.12) we obtain 



Ai 



VB 



dya xVi 



4 iXfl 

a X^i 

X 



y=VE 



Since xVi ^ 0, the signature of the eigen value Ai is determined by the factor 



^1 



y=VB 



a U/B d^U{<^{yB)) 2 



(3.13) 



(3.14) 



where we have used the boundary conditions (p.3[) and (3 



Now we present a rough estimate of the right hand side of Eq. (3.11) under the following assumptions 



(i) The order of magnitude of is not significantly different from that of x- 

(ii) X does not rapidly go to zero near the boundary y — yB- 



(3.15) 



In the present very rough estimate, we do not care about a factor of order 10 or 10^. |^. 

As a typical scale for x^, we introduce an energy scale M, i.e, x^ — 0{M^). This energy scal e is also 
related to the difference of the vacuum energy between true and false vacua. Integrating Eq. (3.2), we 
obtain 



5V 



1 



x^{vi 



4 / dy—x' 
Jo a 



(3.16) 



Here we have assumed that j/s is not extremely large compared to £. 
Under these assumptions, Eqs. (3.11) and (3.13) give 



1 



(3.17) 



IV. CONSTRAINT ON THE MODEL PARAMETERS 



In this section we discuss the constraints on the model parameters. Here, we discuss the two differ- 



ent regimes respectively: case (a), £y ^ Ofg and case (b) 



< 



cosmological constant A4 to vanish (See Eq. (2.28)), Eq. (2.4) leads to 



With the condition for the 



* People who are familiar with the ordinary false vacuum decay without boundary may think that the second 
assumption is not appropriate. It is important to note here that we have the boundary potential U{ij>) in our 
present model, which does not exist in the ordinary false vacuum decay. The minimum of this boundary potential 
in general does not coincide with that of the bulk potential V{4'). As a result, the tunneling field is still on the 
slope of the bulk potential near the boundary. 
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Usin g th is relation, we will find that case (a) and case (b) defined here are equivalent to those defined in 



Sec. [IB 



We discuss the constraints on the model parameters on the m^-M plane, where is the 5-dimension 
Planck mass defined by K5 — 6/mg. First we identify the boundary of the two regimes defined above on 
this m^-M plane. On the one hand, the 4-dimensional Planck mass after the big-bang is related to 
and It by 



m, 

«-2 



On the other hand, recalling that Ij^ — ip^ ~ K5(5F/6, from Eqs. ( 3.1(]| ) and (11) we obtain 



(4.2) 



mt 



Hence, we have 

M/nipi < {mz/mpiY-^, for 



M5 ' 



(a); M/rUpi > (m^/mpi) for case (b) 



(4.3) 



Flatness -. The resulting universe mus t be sufficiently flat. This con ditio n give s th e constraint ( 2.25| ). 
For case (a) we have £t ~ from Eq. (O). Then, using Eqs. (^^), ( 3.17 ) and ( |4.3| ), we obtain 



X 13/2 / X -3/2 



M \mpi/ \mpi 

\mpi 



J7 > WCw , , 



-51/4 



for case (a). 



for case (b), 



(4.4) 



where Cw '■— \foiwWw and the parameter is defined by ay^ — M'^^w- 

Growing mode^ : For the bubble to collide with the brane, deviation of the nucleated bubble from the 
most symmetric instanton is necessary, and this deviation Scj) needs to increase as the bubble expands. 
That is, the existence of a growing mode of S4> is necessary. Otherwise, (5(/> oscillates with decreasing 
amplitude around the unperturbed trajectory of the most symmetric configuration, and thus the bubble 
never hits the brane. 

Assuming that the y-dependence of the fiuctuation Scf) is identical to >fi{y) given in the preceding 
section, the evolution equation of S(p, [^(5) — d'^V{'P)]S(f> — 0, reduces to 



□ 



(4) 



- Ai + 4) 



= 0, 



(4.5) 



where we have used Eq. (3.7), and 0^5) and ^(4) are, respectively, the d'Alembertian on the 5-dimcnsional 
background bulk with the metric ( |3.lD and that on the worldsheet of the unperturbed bubble wall, i.e., 
a 4-dimensional de Sitter space. Thus, the condition for S(j) to have the growing mode is 



Ai < 4. 



(4.6) 



Using the estimations i n Eq s. (3.12) and (3.14), we find Ai sa a^ip^iy for case (a), and ~ asv for case 
(b). Thus, the condition (16) becomes 



M \mpij \mpij 



for case (a). 



tThis constraint was absent in the earlier version of this paper. The importance of this constraint was pointed 
out by J. Garriga pi[. 
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Parameter v represents the strength of interaction between the brane and the bubble. The conditions 
(4.4) and (4.7) indicate that the interaction should be strong enough to force the bubble to nucleate near 
the center of the brane-bulk system but weak enough to allow the bubble fluctuation to grow. Both 
conditions can be satisfied simultaneously for 

1.8 



^'^ ^ in-25 6?;-2/5 / "Zs \ ■ 

< 10 , for case (a) 



nipi \mpi 

— < lO-'-'C^'^"'— , for case (b), (4.8) 
nipi rupi 

with an appropriate choice of the parameter v. We discuss the issue of tuning v later. 

Reheating temperature : In order that the standard nucleosynthesis scenario works, the reheating 
temperature must be higher than, say, about 10 MeV. Using the estimate (2.23), this condition gives a 
constraint 

^ > in- 17^2/5 "^5 V'^ f f\ 

> 10 Cy(^ [ - — ) , for case (a), 



mpi yrupij 

— > lo-^'cU' ( ^ 

WLpi \ nipi 



> 10-34^^5 ( °' , for case (b). (4.9) 



Newton's law : It is also important to quote the well-known constraint on ms which is common to 
all the braneworld models of the Randall-Sundrum type. It is usually stated as a constraint on £t as 
£t ^ 1mm, which is necessarily satisfied for the gravity induced on the brane to reproduce the Newton's 
law at the scale longer than about 1mm. This can be recast into a constraint on as 

^>10-". (4.10) 
rripi 

5D quantum effect: If £t becomes smaller than the 5-dimensional Planck length m^^, the classical 
treatment of the bulk will not be justified. Hence, from It ~ iripi/rn^, the parameter region which we 
can discuss is restricted to 

^ < 1. (4.11) 
rripi 

All the constraints mentioned above are summarized in Fig. |^. The allowed region of parameters looks 
wide. However, one must be careful about the interpretation of this figure because we have assumed 
t unin g of the parameter v. We can estimate the natural order of magnitude of v from the expression 



(3.14). The negative first term on the right hand side is estimated as follows. Suppose that the false 



vacuum is AdS. Then a{y) — Ip sinh(?//^i;-), and hence the first term on the right hand side of Eq. ( 3.14 ) 
is estimated as —M~p^coi\i{yB/£F) = + ^I"Q!b^)~^^^ = —M^^. As a naive expectation, the 

second and the third terms will be 0{M). If we adopt this estimate, the requirement for the positivity 
of v becomes 



mpi ^ \mpi 



(4.12) 



If we naively assume that i' is 0{M), the condition for the existence of a growing mode becomes 

M fm,Y' 

> , lor case (a), 

rripi \ TUpi J 

— >— , for case (b). (4.13) 
nipi nipi 
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Hence, we find that there is no solution. However, it is possible to tune the parameter v to be sufficiently 
small when k, M, i.e, w hen M /ni^i « [m^ / nipi)^ . In this case, even if the second and third terms on 



the right hand side of Eq. ( 3.14 ) arc 0{M), they can cancel with the first term. Another possibility is 
to assume a cancellation between the second and the third terms. If there is a mechanism to tune v as 
small as the amplitude of the first term, the condition for the existence of a growing mode becomes 



^>(^Y\ for case (a), 
rripi \mpij 

^ ( I , for case (b). 
nipi \mpi J 



(4.14) 



Hence, there is no parameter region which works for this choice of v for case (a), while the allowed region 
shown in Fig. |^ is not reduced by imposing the condition v ^ i^^ for case (b). 

One may worry about the limitation of the validity of our current treatment of neglecting the grav- 
itational back reaction in deriving the estimate (3.11). The condition for weak back reaction will 



be given by 1 > {K+ - K^)/K 



-1/2 



2 2 ^ 



^^-1/2 ugjj^g Eqg^ Q g^^^ gj)^ jjj^yg 
Hence the weak backreaction condition is reduced to 



K^awctB ^ 1- Since the width of wall Sw must be at most of 0{aw), we have (J\y = SwM^ ^ asM^. 
As long as we use this estimate, the condition for the weak back reaction K^awc^B 1 is always satisfied. 



logM/nipi 



-20 



-25 





-►NW / 




case (b) / 




/ case (a) 


RH / 


/ \ RH 


\-,/fg / 





-25 



-20 



-15 -10 
logms/ntpi 



FIG. 5. The constraints on the parameters (ms, M) are shown in the units of rUpi. The parameters 
in the shaded region are allowed for 0{i^/lp^) « 1. FG denotes the constraint that the bubble 
collide with the brane and result in the sufficiently flat universe, as in Eq. ([l.^); and NW denotes 
the constraint that the Newton's' law be valid on s cale larger than 1mm, as in Eq. (4.1C). RH is 
the constraint on the reheating temperature in Eq. (4.9). 



V. SUMMARY AND DISCUSSION 

We proposed a new scenario of inflation based on the Randall-Sundrum braneworld model The 
model consists of 5-dimensional bulk with Z2-symmetry and a brane which is located at the fixed point. 
In our model, when the universe first nucleates, the brane is in de Sitter expansion phase as in the scenario 
of the braneworld creation discussed in Ref. ||l2(| . In addition to it, the 5-dimensional bulk is assumed 
to be in a false vacuum initially. Then, eventually false vacuum decay will occur through nucleation 
of a true vacuum bubble. This nucleated bubble expands and hits the brane. Then the energy of the 
bubble wall is converted into the thermal energy of the fields living on the brane. Then the brane-bubble 
collision results in the creation of a hot big bang universe. After the transition, the energy density in the 
bulk decreases. As a result the effective cosmological constant induced on the brane also decreases. Thus 
the inflationary phase terminates. Although the usual flne-tuning problem still remains, it is possible to 
choose the model parameters so that the effective cosmological constant vanishes. 
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In this scenario the spatial curvature radius at the moment of the big bang is related to the location of 
the bubble nucleation. We found that, to solve the flatness problem, the bubble must nucleate with its 
center being very close to the center of the symmetry of the bulk-brane system. Under the assumption 
that the effect of the gravitational back reaction is small, we derived an estimate for this probability 
distribution. The condition for the weak back reaction was shown to hold when the curvature radius of 
the bubble wall is much smaller than that of the brane. Then, we found that this required concentration 
of the nucleation point can be realized if the tunneling field has an appropriate potential localized on the 
brane. Another important constraint comes from the condition that fluctuations of the nucleated bubble 
wall continue to grow. As mentioned above, due to the requirement of solving the flatness problem it was 
necessary to introduce an interaction between the brane and the bulk field. This interaction inevitably 
increases the effective mass squared of the perturbation modes corresponding to wall fluctuations. When 
there is no interaction, this effective mass squared is negative, which means that the wall fluctuation 
grows until it hits the brane. If this mass squared becomes positive, the fluctuation modes are stabilized, 
and the bubble wall never hit the brane. Hence, the interaction should be strong enough to force the 
bubble nucleate near the center of the brane-bulk system but weak enough to let the bubble fluctuation 
grow. 

We also discussed other two constraints on the model parameters. One comes from the condition that 
the reheating temperature is sufficiently high. The other is the condition that the deviation from the 
Newton's law is not allowed at the scale longer than 1mm. These constraints are summarized in Fig. ^j. 
Still a wide region in the parameter space is not excluded. However, the result must interpreted carefully. 
The interaction strength mentioned above needs to be tuned additionary. Unfortunately we could not 
find a natural explanation for this parameter tuning within our simple model. We expect future new 
invention on this point. 

Here we note that the geometry of our model has a lot of variety. The allowed region is divided into 
three portions as shown in Fig. |5[ The initial state of the bulk is anti-de Sitter spacetime for case (a), 
nearly flat spacetime for case (bi), and de Sitter spacetime for case (b2). 

Here we wish to stress one distinctive feature of our model. We know that it is usually convenient to 
introduce a corresponding effective 4-dimensional picture even when we are interested in a 5-dimensional 
model. However, if we interpret the scenario proposed in this paper on the viewpoint of the 4-dimensional 
effective theory, it does not look quite natural. The phase transition occurs beyond the horizon scale in 
a completely synchronized manner. It will be necessary to consider a slightly complicated situation in 
order to explain such a process without assuming the existence of extra-dimension(s). This means that 
our scenario gives a new paradigm opened for the first time in the context of the braneworld. 

Our scenario has the common idea with the interesting model proposed by Bucher 1 19| in the sense that 
the bubble collision in higher dimensional spacetime brings a big-bang to our 4-dimensional world realized 
on the brane. Although the basic idea is quite similar, these two models have many different aspects. In 
the model proposed by Bucher, a sufficiently big bulk is supposed to exist as an initial condition. The 
big-bang occurs through the collision of two nucleated bubbles. The flatness problem is solved by the 
large separation between the nucleation centers of the two bubbles. The place of collision is not special 
at all before the collision occurs. Hence, the tension of the brane formed after the bubble collision is 
brought by the colliding bubbles. On the other hand, in our present model the universe starts with a 
small bulk initially. As a consequence of this, the localization of the nucleation center of the colliding 
bubble became necessary instead of the large separation of the bubbles. In the present model, the brane 
with positive tension exists as a target for the bubble wall to collide. Hence, we could assume that the 
tension of the brane is unchanged between before and after the bubble collision as one of the simplest 
possibilities. 

In the sense that our universe is realized inside a single nucleated bubble, our new scenario has a 
common feature with the one-bubble open inflation |2^, too. However, in the one-bubble open inflation, 
a slow roll inflation inside the nucleated bubble was necessary. Since the bubble wall, namely, the 
boundary surface of the old inflationary phase, is timelike, the universe inside the nucleated bubble is 
curvature dominant from the beginning. Hence the flatness problem is not solved without the second 
inflationary epoch. On the other hand, in the present scenario, the bubble nucleation occurs not on the 
brane but inside the bulk. The boundary surface of the inflation on the brane is spacelike, hence the 
brane universe can be sufficiently fiat without introducing a second infiation. 

A few comments on the assumptions we used are in order. In the process of the brane-bubble collision, 
we simply assumed that the energy of the wall is completely converted into the energy of radiation on 
the brane. Although so far there have appeared several works on the collision of thin shells [E3, the 
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mechanism of energy transfer at the coUision of branes has not been made clear yet. Moreover, the 
process of colhsion wiU be heavily model dependent. Hence, it is easy to imagine other possibilities. For 
example, the collision might be elastic, and then the bubble bounces into the bulk. The energy of the 
bubble wall may completely dissipate into the bulk as radiation. The energy dissipating into the bulk 
may produce the Weyl components of the bulk gravity. Then, they affect the evolution of the FLRW 
brane as dark radiation, whose energy density must be suppressed compared to that of the fields localized 
on the brane. Otherwise, the standard big-bang nucleosynthesis would not work. To avoid this problem, 
our scenario may require a certain mechanism which realizes the efficient energy conversion from the 
bubble wall to the fields localized on the brane. This might be possible, for example, if a sufficiently large 
number of light fields which couple to the bulk scalar field (/) reside on the brane. If the inverse of the 
bulk curvature radius i^^ is larger than the reheating temperature, most of the KK modes of the bulk 
fields will not be excited by the brane-bubble collision. Then, the number of relevant degrees of freedom 
localized on the brane is larger than that living in the bulk. In such a situation, once the equi-partition 
among these relevant degrees of freedom is established, the relative contribution from dark radiation is 
suppressed. Alternatively, we can construct a model in which such a relic dark radiation is diluted by a 
fairly short period infiation like thermal inflation |2^ ] implemented by the potential U {4>) on the brane. 

We also assumed that the brane tension as does not change before and after the collision. One may 
think it more natural that the brane tension crs changes during the collision. If the change of as is 
hierarchically small compared to the value of ctb, the present scenario works as in the same manner. To 
further investigate this issue, one needs to specify the details of the model, which will be supplied once 
we can embed this scenario in more fundamental theories such as string theory or M-theory. 

We considered a single bubble nucleation in the bulk. There is, however, a possibility that many 
bubbles nucleate. Since we must take into account the interaction among the bubbles, the localization 
of the nucleation center of a single bubble does not imply that of multiple bubbles. Suppose that this 
localization is achieved. Then, the situation will be similar to the single bubble case. Since vacuum 
bubbles expand exponentially, they immediately collide with each other after the nucleation and continue 
to expand as a single bubble. The bubble collision may produce inhomogeneities on the bubble wall. 
However the rapid expansion of the bubble wall will erase such inhomogeneities by the time of the brane 
big-bang. If the bulk field potential V{(j>) has a number of different vacua and bubbles are nucleated in the 
different vacuum phases, the collision of the nucleated bubbles may produce topological defects of lower 
dimension, which could remain on the FLRW brane after the brane big-bang. However, provided again 
that the nucleation of bubbles is confined very near the center, one can expect that the abundance of 
such lower dimensional topological defects in a horizon scale of the FLRW brane is reduced sufficiently by 
the de Sitter-like expansion of the bubble wall, as the standard inflation solves the problem of unwanted 
relics. 

In the present paper, we did not estimate the expected amplitude of density fluctuations in this new 
model. The analysis of density perturbations for our present model will bring another meaningful con- 
straint on the model parameters. In a slightly simpler setup corresponding to Bucher's model |l^, the 
density fluctuations due to the quantum fluctuations of the colliding bubble walls have been calculated 
in Ref. ||2^,|2^ assuming that the self gravity of the bubble walls is weak. These analyses have shown that 
the scale-invariant spectrum of the density fluctuations does not easily arise in the Bucher's model by 
this mechanism. However, this fact does not exclude the possibility of this model because the amplitude 
due to the effect of the bubble wall fluctuations tends to be very tiny. To apply a similar analysis to our 
present model, further extension of the formalism will be necessary. 
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APPENDIX: APPENDIX: DERIVATION OF LORENTZ FACTOR 



In this appendix we derive the Lorentz factor 7 of the bubble waU seen from an observer on the brane. 
The discussion in this appendix is based on the note by J. Garriga 

We consider the case that the false vacuum bulk is anti-de Sitter space and the collision is of the 
type (i), for which the intersection of the brane and the bubble is H'^. When we consider the case of de 
Sitter false vacuum bulk, all we have to do is to replace 

x^^zx^s, (p^ief^, ei^iof^^. (Ai) 

Because of the symmetry, we would be able to concentrate on the case with — = X'^ = without 
loss of generality. 

Since the brane trajectory is the intersection of the pseudo-sphere (2.5) and the plane X^ = ipf^B, 
any point P = {Xp, Xp, 0, 0, 0, Xp) on can be expressed in terms of a vector in E"*'^ as 

d d d 

P ^ as smh 4>b + as cosh (j)B + ^fPb • ( A2) 

This is simply obtained by Lorentz boost of a vector Pq = aB{d / dX^) + tpPBid/dX^), with an angle 
<I)B- Then a unit tangent vector Tb to at P can be obtained from its -derivative as 

d d 

Tb = cosh (pB + sinh (j)B . (A3) 



On the other hand, the bubble wall trajectory Yiw is given as the intersection of the pseudo-sphere (2.5) 
and the pla ne d efined by X^ = IfPw , where the coordinates {X'^^} are related to the original coordinates 
{X''} by (H). 

Then any point Q = {Xq,Xq, 0, 0, 0, Xq) on J^w can be expressed as a vector 

d d d 

Q^aw sinh (f>w + aw cosh (pw + ^fPw • ( A4) 

In the original coordinates Q is written as 

d , d 

Q = aw sinh — -— r -I- {aw cos\i(j)w cosh^i 4- ipPw sinh^i' 



d 

-I- {aw cos\i4>w sinh 01 + ipPw cosh^i) . (A5) 

Then, as in the case of Tb, a unit tangent vector Tw to Y^w at Q is obtained as 

d d d 

Tw = cosh 4>w + sinh cjyw cosh 61 + sinh (jyw sinh 6*1 . (A6) 

In order to obtain the Lorentz factor 7, we need to consider the two tangent vectors Tb and Tw at the 
same point on the intersection n Eiv- So, setting P — we obtain 

a_B sinh (/iB = aw sinh (/)VK , (A7) 

, , £f(3b cosh6i - £fI3w 

cosh0B = ttt; : (A8) 

as smh Oi 

, , IfPb - £fI3w coshOi 

cosh (j)w = r-r-T • (A9) 

aw smh f/i 

Using these relations, the Lorentz factor is evaluated as 

7 := —{Tb,Tw) = cosh(j)B cosh(f>B — sinh 0^ sinh t/ny cosh 0i 
^ SUPePw- cosh Oi) 
aBaw 



(AlO) 
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